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Abstract. We calculate the temporal evolution of distri-
butions of relativistic electrons subject to synchrotron and
adiabatic processes and Fermi-like acceleration in shocks.
The shocks result from Kelvin-Helmholtz instabilities in
the jet. Shock formation and particle acceleration are
treated in a self-consistent way by means of a numerical
hydrocode. We show that in our model the number of rela-
tivistic particles is conserved during the evolution, with no
need of further injections of supra-thermal particles after
the initial one. From our calculations, we derive predic-
tions for values and trends of quantities like the spectral
index and the cutoff frequency that can be compared with
observations.
Key words: Acceleration of particles – hydrodynamics –
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1. Introduction
Observations of non-thermal astrophysical sources upon
the utmost diverse spatial scales and luminosity ranges,
from Supernova remnants to Active Galactic Nuclei, and
energy bands, from radio frequencies up to γ−rays, re-
quire electron acceleration up to ultra-relativistic energies
when interpreted via synchrotron or self-Compton emis-
sion. Relativistic particles can also be directly detected as
in the case of the streams of particles from solar flares or
the cosmic radiation.
Multi-wavelength studies of extragalactic jets, perfor-
med by combining observations from radio arrays, HST in
the optical band and X-ray satellites, showed that many
extragalactic jets emit non-thermal radiation extending
from radio to X-rays, and that spectral and morpholog-
ical features remain, in many instances, nearly constant
along the jet from radio up to optical frequencies. This
implies a constancy of the relativistic electron distribution
function over at least five decades in energy, that needs to
be interpreted (see discussions in Meisenheimer, Ro¨ser &
Schlo¨telburg 1996 and Meisenheimer, Neumann & Ro¨ser
1996 for M87).
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Many physical mechanisms of particle acceleration
have been studied, and Fermi-like processes occurring at
MHD shocks have been particularly visited since they au-
tomatically lead to power-law particle distributions, as
dictated by observations (see, e.g., Bell 1978, Drury 1983,
Blandford & Eichler 1987, Achterberg 1990, Kirk 1994).
Other mechanisms of particle acceleration include the dif-
fusive particle acceleration at a tangential discontinuity in
a velocity field involving relativistic velocities (Ostrowski,
1990, 1998). Continuous reacceleration of particles could
take place by conversion of magnetic energy into par-
ticle energy via magnetic reconnection, as proposed by
Lesch & Birk (1998); mechanisms of particle acceleration
by turbulent plasma waves (Li et al. 1997) or by intense
long-wavelength electromagnetic fields (Bisnovatyi-Kogan
& Lovelace 1995) have also been considered. Each of these
mechanisms leads to different values for the maximum en-
ergy attained by the accelerated particles, and different
predictions on the observed radiation spectrum.
A possible clue to build a “universal spectrum” is the
diffusive shock acceleration (DSA) by multiple shocks, as
discussed in Melrose & Pope (1993) and Ferrari & Melrose
(1997), under very general conditions.
In this paper we concentrate on the diffusive particle
acceleration at shocks, and we treat, in a consistent way
by means of a numerical hydrocode, the jet instabilities
that yield shock formation, the particle acceleration in
these shocks, and the temporal evolution of the distribu-
tion function, subject to adiabatic effects and synchrotron
losses. In our model the magnetic field and the relativistic
particles are advected passively by the thermal fluid, as
in previous studies by Matthews and Scheuer (1990) who
treated adiabatic expansion and synchrotron losses with-
out including particle acceleration, and by Massaglia et
al. (1996) who modeled shock acceleration as an adiabatic
compression of fixed strength. In our study the equation
for the evolution of the particle distribution function is
solved in a self-consistent way, and particle acceleration
at shocks is treated in the ‘test-particle’ approximation,
i.e. neglecting the effects of energy subtraction from the
shocks. Moreover we concentrate on the stability and ra-
diative properties of the jet beam, rather than studying
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the propagation of the jet’s head as it is done in the quoted
papers. Our approach is thus also different from that of
Jones et al. (1999) who solve a simplified version of the
electron transport equation to account for shock diffusive
acceleration and synchrotron aging in a time-dependent
simulation of a radio lobe.
In studying the instability evolution, we adopt the so-
called ‘temporal’ approach (see Bodo et al. 1994), in which
one can follow the system evolution for longer times, as
opposed to the ‘spatial analysis’ (see Hardee & Norman
1988a,b and Stone, Xu & Hardee 1997), in which one
is limited by the transit time through the grid. While
the spatial approach allows for more direct comparison
with observations, the temporal analysis is preferred when
studying the physics of the instability evolution over long
time scales, with good spatial resolution and without ex-
ceedingly large computational domains.
The plan of the paper is the following: in the next sec-
tion (Section 2), we describe the physical model for the jet,
the main assumptions and the integration method; in Sec-
tion 3 we deal with the treatment of the evolution equation
for the relativistic electrons distribution and of the shock
acceleration; the simulations results are discussed in Sec-
tions 4 and 5 where a comparison between our model and
observational data of extragalactic jets is presented, and
the conclusions are given in Section 6.
2. The jet physical model
We consider a non-relativistic, fluid jet that propagates in
a uniform medium and is in pressure equilibrium with its
environment. This environment is permeated by a passive
magnetic field, that is advected by the fluid and has no
effect in the momentum conservation equation (βplasma →
∞). Under these conditions, the relevant equations are the
hydrodynamic equations of mass, momentum and energy
conservation:
∂ρ
∂t
+∇ · (ρv) = 0 (1)
∂v
∂t
+ (v · ∇)v = −∇p/ρ (2)
∂p
∂t
+ (v · ∇)p− Γp
ρ
[
∂ρ
∂t
+ (v · ∇)ρ
]
= 0 , (3)
where, as usual, p represents the thermal pressure, ρ the
density, v the fluid velocity, and Γ stands for the ratio of
specific heats.
We then restrict our analysis to an infinite jet in cylin-
drical geometry (in the coordinates r, z); consistently with
our assumptions, the equation system (1),(2),(3) can be
complemented by the equations for the passive magnetic
field, in the form:
∂
∂t
(rAφ(r, z)) + v · ∇(rAφ(r, z)) = 0 (4)
∂
∂t
(
Bφ(r, z)
ρr
)
+ v · ∇
(
Bφ(r, z)
ρr
)
= 0 , (5)
where Aφ(r, z) is the only component of the vector po-
tential for Bz, Br (rAφ(r, z) is usually called ‘stream
function’), as appropriate for the chosen geometry, and
Bφ(r, z) is the toroidal field. One can notice that Eqs. (4,5)
have in common the standard form of a ‘tracer’ equation:
∂T
∂t
+ v · ∇T = 0 , (6)
where T ≡ rAφ in Eq. (4) and T ≡ Bφ/ρr in Eq. (5).
2.1. Initial configuration and boundary conditions
As mentioned before, we consider an axially symmetric,
cylindrical jet. The flow velocity is initially uniform along
the z direction (Vz) and the jet is in pressure equilibrium
with the ambient medium. The initial velocity and density
profiles in the r coordinate, and the perturbation to the
transverse velocity Vr(r, z) are the same as in Rossi et al.
(1997).
In the calculations we measure lengths in units of the
jet initial radius a, time in units of the radius sound cross-
ing time tc ≡ a/csi (csi is the isothermal sound speed in-
ternal to the jet), and the magnetic field in units of the
initial value B0.
The initial configuration for the magnetic field is as-
sumed poloidal (longitudinal) plus azimuthal:
Bz = 1 , Br = 0 , Bφ =
2r
cosh(rm)
, (7)
with m = 8.
The system of equations (1),(2),(3) is solved numeri-
cally by means of a PPM (Piecewise Parabolic Method)
hydrocode (Colella &Woodward 1984) over an integration
domain of 512× 256 grid points, with the jet radius span-
ning over 60 grid points, for a total domain of 0 ≤ z ≤ 10pi,
0 ≤ r ≤ 20. The axis of the jet is coincident with the
bottom boundary of the domain (r = 0), where symmet-
ric (for p, ρ, Vz and Bφ/(ρr)) or antisymmetric (for Vr
and rAφ) boundary conditions are given. At the z = 0
and z = 20 boundaries, consistently with the assumption
of a infinite jet, we have set periodic conditions, and at
the upper boundary (r = R) we have chosen a free out-
flow condition, by imposing for each variable null gradient
(d/dr = 0). The grid in the r direction is non-uniform, but
expands with r to avoid the effects of partial reflections at
the top boundary (see Bodo et al. 1994 and Rossi et al.
1997).
3. Evolution of relativistic electrons
We study the evolution of a distribution of relativistic elec-
trons as it is passively advected by the fluid. The relativis-
tic electrons are assumed to be injected, at the initial time
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t = 0, with a power-law distribution N(E, 0) = N0E
−γ ,
defined on an initial energy interval 10−4 < E/E0 < 10
2,
where E0 will be defined below. As the evolution pro-
ceeds, the electrons energy can vary on a wider interval
10−6 < E/E0 < 10
4. A would-be representative sample of
n = 10 parcels of this distribution are then selected and
followed, as Lagrangian test particles, as they travel with
the fluid, undergoing adiabatic expansion/compression ef-
fects, synchrotron losses and shock acceleration.
3.1. Energy evolution equation
The temporal evolution equation for a distribution func-
tion N(E, t) for the number of relativistic electrons
present in a parcel, subject to adiabatic effects and syn-
chrotron losses, can by written as (Kardashev 1962):
∂N
∂t
=
∂
∂E
[(
α(t)E + β(t)E2
)
N
]
, (8)
where
α(t) =
1
3
∇ · v , (9)
takes into account adiabatic effects, and
β(t) = bB2 , (10)
accounts for synchrotron losses. Electron energy is ex-
pressed in units of the electron energy lost by synchrotron
emission in a time unit in the initial magnetic field,
E0 = 1/(bB
2
0tc).
Eq. (8) is solved numerically for the selected test par-
cels, away from shocks and at every time step, using a
Lax-Wendroff scheme, and the coupling between Eq. (8)
and the hydrodynamic equations (1) is given by the ex-
pansion/compression term ∇ · v, while the coefficient for
synchrotron emission comes from the equations for the
magnetic field evolution (4) and (5). The solution of the
energy evolution equation is connected to the hydrody-
namic evolution through a time-splitting technique, with
an accurate control on the two Courant times.
We note that Kardashev (1962) gives an analytical so-
lution for Eq. (8) under the hypothesis that the initial
distribution function is a power-law. As time elapses, syn-
chrotron losses and adiabatic effects modify the shape of
the distribution function in the high and low energy ranges
of the spectrum respectively, and therefore the distribu-
tion function evolves in time departing from a power-law.
In absence of shocks, one could adopt the Kardashev so-
lution at any time, but shocks introduce discontinuities in
the evolution; when the parcel has crossed a shock wave,
the new initial condition for the integration of Eq. (8) is
the post-shock distribution function, which is not a power-
law any longer and thus does not fulfill the Kardashev
(1962) prescriptions.
3.2. Diffusive shock acceleration
When the selected test particle, representing a parcel of
the distribution, enters a shock, Fermi acceleration takes
place. Under the assumptions that the acceleration time
scale tacc (∼ κ/v2, with κ the spatial diffusion coefficient)
is much smaller than both the synchrotron time tsync, and
the dynamical time for shock evolution (∼ tc), we can
apply the stationary diffusive shock acceleration (DSA)
model (see for example Drury 1983 for a review). These
conditions are fully verified in the energy interval over
which our electron distribution is allowed to vary, as it
was defined above.
According to this model, the downstream number of
particles distribution N+(E, t) is related to the upstream
distribution N−(E, t) by:
N+(E, t) =
q
r
E−q+2
∫ E
Emin
N−(E
′, t) E′ q−3 dE′ , (11)
with
q =
3r
r − 1 , (12)
where r = ρ+/ρ− is the shock compression ratio, and Emin
is the minimum electron energy in the pre-shock distribu-
tion function. This equation is derived from the equation
for the particle density distribution function f(E, t) (see
for example Kirk 1994),
f+(E, t) = q E
−q+2
∫ E
Emin
f−(E
′, t) E′ q−3 dE′ , (13)
and the substitution N(E, t)dE = f(E, t)V (t)dE,
where V (t) is the volume occupied by the particles, yields
the compression ratio r at the denominator of Eq. (11).
We note that the post-shock distribution function is
not a power-law any longer.
White (1985), Achterberg (1990), Schneider (1993)
(see also the discussion in Melrose & Pope 1993) found
that for an infinity of equally strong shocks with r =
4 and decompressions, the final distribution approaches
N+(E) ∝ E−1.
4. Results
We have carried out a simulation with a fluid jet de-
fined by the following parameters: Mach number M(≡
vz/csi
√
Γ) = 5, density ratio ν(≡ ρ∞/ρjet) = 5. We stud-
ied the evolution of the distribution functions associated
with 10 Lagrangian test particles, whose initial positions
are given in Table 1; the initial spectral index for the dis-
tribution functions was γ = 3.5. Consistently with the
assumed boundary conditions, particles leaving the do-
main on the right boundary at z = 10pi are re-injected at
z = 0, and those leaving the domain at the upper bound-
ary r = 20 are lost.
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Fig. 1. Compression ratio of each shock crossed by the Lagrangian particles as a function of time. The dashed lines
are traced at the three typical times t = 12, t = 6 and t = 22 selected for the analysis and representative of different
stages in the evolution. From this figure the number and strength of the shocks can be inferred.
To extract some physical quantities from our results
for a comparison with the observational data, we needed
to fix the scale quantities, and these are summarized in
Table 2. They have been selected within the ranges fixed
by Birkinshaw (1991) for the parameters characterizing
radio jets.
4.1. Instability evolution
As described in detail in Bodo et al. (1994) the perturbed
jet undergoes three stages of the instability:
Linear phase (time ≤ 7): the unstable modes excited by
the perturbation grow in accord with the linear theory. In
the latter portion of this stage the growth of the modes
leads to the formation of internal shocks.
Acoustic phase (7 < time ≤ 17): the growth of internal
shocks is accompanied by a global deformation of the jet;
energy and momentum are transferred from the jet to the
external medium through acoustic waves.
Mixing phase (time > 17): as a consequence of the shock
evolution, mixing between jet and external material begins
to occur.
If the simulation is carried out further, a final statistically
quasi-stationary stage is attained.
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Table 1. Initial positions of the particles in the domain.
particle z r
1 12.21 0.325
2 ′′ 0.5
3 ′′ 0.66
4 ′′ 0.825
5 ′′ 0.99
6 22.03 0.24
7 ′′ 0.41
8 ′′ 0.575
9 ′′ 0.74
10 ′′ 0.91
Table 2. Scaling parameters.
Simulation
Magnetic field B0 = 3× 10
−5 Gauss
Jet radius a = 100 pc
Sound velocity cs = 10
8 cm s−1
Particles scale energy E0 = 0.21 erg
Particles Lorentz factor Γ0 = 2.55× 10
5
4.2. Particle spectrum evolution
We now analyze the behavior of the Lagrangian particles
and the evolution of the distribution functions of the rel-
ativistic electrons as these particles are advected through
the different stages of the instability evolution. We se-
lected three typical times, t = 12 in the middle of the
acoustic phase, t = 16 at the end, and t = 22 when the
mixing is already developed; the number of shocks crossed
by each particle at these given times, the average com-
pression ratios of these shocks and the power index of the
distribution functions are given in Table 3. The details of
the shock number and strength for each particle in each
phase can be inferred from Fig. 1.
Table 3.Number of shocks crossed by a particle at a given
time, and exponent of the electrons distribution function
particle t = 12 t = 16 16 < t < 22
n γ n γ n γ
1 5 2.3 10 1.6 13 3.6
2 3 2.7 8 1.8 10 3.4
3 1 3.2 6 1.8 9 2.1
4 1 7. 4 2. 7 4.4
5 0 3 5. 6 2.
6 4 2.2 7 1.8 10 1.6
7 3 2.6 5 1.9 8 2.4
8 3 3.2 6 2. 11 1.6
9 1 6.2 2 2.4 7 1.8
10 1 7. 2 2. 5 1.9
r 1.5− 2.5 ∼ 4 2.5− 1.5
In Fig. 2 we show three images of the jet density, in a
logarithmic grey-scale, at these selected times, with super-
imposed the positions of the Lagrangian particles, identi-
fied by different symbols. The vectors give the module
and directions of the particles’ velocities. In Fig. 3 we
plot the distribution functions associated to some of the
Lagrangian particles at the initial time and after the ac-
celeration and loss processes, at the same times selected
above.
During the linear phase the particles advance advected
by the fluid and the relativistic electrons lose energy th-
rough adiabatic expansion and synchrotron radiation. The
distribution functions steepen and the maximum energy
diminishes, as can be seen, for example, from the spectrum
associated to particle 5 at time t = 12 (continuous line in
Fig. 3), when this particle has not crossed any shock yet.
When shocks start to form, electrons are accelerated.
The first acceleration process occurs for the distribution
function associated to particle 1 at time t = 8.33. At time
t = 12 only the particles initially located at a distance
less than 0.7 jet radii from the jet axis have crossed a
significant (∼ 4) number of shocks; at this stage shocks are
still weak, with compression ratios not exceeding r ∼ 2.5,
and the electrons are only weakly accelerated; from Table
3 we see that the distribution function is a power law
slightly flatter than the initial one. The particles located
on the jet edges initially, instead, cross one or two shocks
at most, and their spectrum is still very steep (γ ∼ 6) due
to the losses occurred in the linear phase of the evolution.
At time t = 16 the jet is at the end of the acoustic
phase; the Lagrangian particles have crossed a high num-
ber of shocks (on average ∼ 6, up to 10 for particle 1).
Many of these shocks are very strong, with compression
ratios r ∼ 4, and the acceleration process results very ef-
ficient as can be inferred from the values of the spectral
index, which lays at this stage in the interval 1.5<∼ γ <∼ 2.
There are three main reasons why particles whose ini-
tial position is located near to the jet axis undergo a higher
number of shock accelerations: first, their longitudinal ve-
locity is higher with respect to the particles located on the
edges of the jet; second, their trajectory is less affected by
motions in the radial direction, since, due to the assumed
geometry, the value of the radial velocity approaches zero
near to the jet axis (see also Fig. 2); third, the shocks
that form due to the non linear growth of the symmet-
rical body modes of the Kelvin-Helmholtz instability are
biconical shocks whose vertex is located on the jet axis,
and so the distance between shocks is smaller near the
axis than near the edges.
After time t = 16 the jet material starts to mix with
the external medium, shocks become less frequent and
weaker (compression ratios r ∼ 2), until time t = 22 when
the mixing is well developed; shocks are encountered less
frequently by the particles, whose velocity is diminished
with respect to the initial velocity, see Fig. 2c. The spectral
index of the electrons distribution functions is different for
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Fig. 2. Grey-scale images of the jet density at three selected times. The jet axis is located on the lower horizontal
boundary of the domain. The symbols superposed to the images show the positions of the 10 Lagrangian particles,
and the vectors represent their velocity.
the various particles: those which cross a small number of
shocks acquire a steep spectral index, comparable to the
initial one (ex. particles 1,2,4,7) while those which cross
a conspicuous number of shocks show a flatter spectrum
(γ ∼ 2; compare the values in the last column of Table 3
and Fig. 1).
As the evolution progresses further, the mixing process
between the jet and the external medium dominates; the
jet velocity decreases, while momentum is transferred to
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Fig. 3. Distribution functions of the electrons associated to the Lagrangian particles 1,2,5 and 10, at three selected
times. The dotted line represents the initial distribution function, the solid line is for t = 12, the dashed line for t = 16
and the dash-dotted line is for t = 22.
the external medium, and shocks lose strength until they
disappear (see Fig. 2c). The motion of the particles is no
longer ordered, they can be trapped in vortices and cross
regions of high magnetic field where electrons lose energy
via synchrotron radiation with no acceleration mechanism
at work. In Fig. 4 we show the trajectory of the Lagrangian
particles as a function of the distance from the point of
injection; observe the ‘loops’ that appear in their paths,
and how they move far away from the jet axis, as the jet
itself expands and entrains external medium. The ’dots’ on
the paths in Fig. 4 are snapshots of the particles’ position
at fixed time intervals (corresponding to one time-scale):
see how their velocity diminishes as they move further
downstream along the jet. As we extend our study further
in time, the electrons spectrum steepen and the spectrum
moves towards lower and lower energies, approaching the
non-relativistic limit.
An important consequence of our model is the con-
servation of the total number of relativistic electrons. We
calculated the integral of the electrons distribution func-
tions and found that it does not vary of more than the
2% of the initial value during the different stages of the
evolution. This implies that no further injection of rela-
tivistic particles after the initial one at the jet’s source is
needed; a finite, relatively small, number of shocks is able
to reaccelerate the electrons even if their maximum energy
is lowered and their distribution function is steepened by
synchrotron and expansion losses.
5. On observable quantities
From the results described in the previous section, we
can deduce some important values and trends that can be
directly compared to some observable quantities charac-
terizing extragalactic radio sources. We compare the val-
ues obtained from our calculations to those available for
some well studied radio jets. It is important to notice that
some of these sources have been recognized to be rela-
tivistic (e.g. 3C 273, jet Lorentz factor Γjet >∼ 10, Zensus
et al. 1990) or weakly relativistic (e.g. M 87, Γjet <∼ 2.5,
Reid et al. 1989, Biretta et al., 1995), while our calcula-
tions are performed under the hypothesis that the bulk
jet material is a non-relativistic thermal gas. We expect
that relativistic velocities introduce some important dy-
namical differences, regarding mainly the growth rates of
the instability (Ferrari et al. 1978), and the properties of
shock waves that form (Bicknell et al. 1996). Moreover,
the standard diffusion approximation that we adopted to
study the particle acceleration at shocks does not stand
when shocks are relativistic: the anisotropy of the parti-
cle distribution function must be taken into account and
the general solution of the transport equation must be
constructed (Kirk & Schneider 1987). In the relativistic
case the resulting spectrum of the accelerated particles
has a strong dependence on the shock compression ratio,
and a small, though significant dependence on the form of
the assumed diffusion coefficient (Heavens & Drury 1988).
However if shocks that form are oblique, as in the case of
the Kelvin-Helmholtz induced biconical shocks, the shock
velocity is reduced, with respect to the jet velocity, by a
geometrical factor; in this way the shock Lorentz factor
can be significantly smaller than the jet Lorentz factor;
Heavens and Drury (1988) find that the non-relativistic
treatment for particle acceleration at shocks gives a rea-
sonable estimate for the spectral index for shock Lorentz
factors up to ∼ 1.15: our results are thus valid also for
weakly relativistic jets, provided that shocks in the flow
are oblique, as it seems to be the case of knot A in M87
(Bicknell & Begelman 1996).
Our results allow us to calculate the spectral index
of the radiation emitted by the synchrotron mechanism,
in different frequency intervals. In Table 4 we show the
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Fig. 4. Trajectories of the ten particles plotted as a function of distances from the injection point. Only the final
sections of the trajectories are represented, since in previous stages the particles travel along a direction almost
parallel to the jet axis, at a distance equal to the initial transversal position.
values of the radiation spectral index for the 10 particles
in those frequency ranges that are relevant for observa-
tions, i.e. radio, radio-optical and optical-UV. The values
in Table 4 are average values of the spectral index cal-
culated by fitting the post-shock electrons spectra with a
power law, and averaging the values in a temporal interval
corresponding to the shock-dominated phase of the jet’s
evolution.
At radio frequencies, we find that the spectral index
varies in the range 0.43<∼ αr <∼ 0.67, consistently with the
values found in the majority of radio jets (see for example
Bridle & Perley 1984).
Only a few sources can be detected at optical fre-
quencies, and thus the data on radio to optical spectral
index are available only for M87 (0.61 ≤ αro ≤ 0.76,
Sparks et al.1996), 3C273 (αro ∼ 0.82, Meisenheimer at
al. 1996), 3C31 (αro ∼ 0.8, Fraix-Burnet et al. 1991a),
3C66B (0.60 ≤ αro ≤ 0.75, Fraix-Burnet et al. 1991b),
and for other three cases (3C 147, 3C 239 and 3C 433)
which show a radio to optical spectral index significantly
higher. From Table 4, the average spectral indexes associ-
ated to our particles in the radio to optical frequency range
(109 ≤ ν ≤ 7.7×1014 Hz) are consistent with the first class
of objects, and are in the interval: 0.55<∼ αro <∼ 0.89.
Finally, recent HST observations of the M87 jet by
Sparks et al. (1996) allowed the authors to estimate the
value of the spectral index in the optical-UV band, in
the range of frequencies observed by the FOC detec-
tor on board HST (5.6 × 1014 ≤ ν ≤ 2 × 1015 Hz),
αo−UV ∼ 1.3. In these frequency intervals our values span
from αopt,o−UV ∼ 0.51 to ∼ 1.13.
In Fig. 5 we show the values of the radio spectral in-
dex calculated at each shock for each of the 10 Lagrangian
particles. The dotted lines define the time intervals used
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Fig. 5. Post-shock radio (frequency interval: 109 <∼ ν <∼ 6. × 1011 Hz) spectral index, at each shock crossed by each
Lagrangian particle. The dotted lines correspond to the values obtained by averaging over the shocks crossed in the
time intervals defined by the dashed lines, and reported in the second column of Table 4.
Table 4. Average spectral indexes for the 10 parcels in
radio, radio to optical and optical-UV frequency ranges
particle radio radio-opt opt-UV
1 0.49 0.71 0.96
2 0.67 0.89 1.13
3 0.65 0.74 0.83
4 0.48 0.49 0.51
5 0.65 0.65 0.65
6 0.43 0.55 0.76
7 0.50 0.58 0.71
8 0.50 0.70 0.83
9 0.59 0.82 1.00
10 0.54 0.61 0.71
in Table 4. From the figure it is clear how the spectral in-
dex starts from an initially high value (here the first linear
phase is not represented, and so the values derived from
the values of γ at t = 12 in Table 3 are not shown), and it
decreases as the particles enter a higher and higher num-
ber of shocks, during the acoustic phase of the instability.
When the jet enters the mixing phase, shocks become
rare and weak, and the spectral index increases. This is
an interesting point, because the final increase in the spec-
tral index is a feature which comes out from the evolution
of the instability, and does not depend on the initial pa-
rameters or assumptions of our model; on the contrary,
assuming a different initial slope for the electrons spec-
trum could give a different trend for the spectral index
in the shock-dominated region of the jet: for example, if
the electrons were injected directly at the beginning of the
acoustic phase, they would not undergo the heavy losses
and steepening as it happens in the first linear phase of the
evolution; a different trend could also be obtained aban-
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doning the assumption of Lagrangian advection of the par-
ticles by the fluid, or if, following a different choice of the
initial jet parameters, many more shocks were involved or
shocks with stronger compression ratios. In this way, the
decreasing trend would be probably limited to the first
section of the knots chain, and would be followed by a
region of quasi-constant or increasing spectral index.
This behavior is in agreement with the trend in the ra-
dio spectral index observed in a number of extragalactic
radio jets: for example, Sparks et al. (1996) and Meisen-
heimer et al. (1996) show that in M87 the spectral index
oscillates around the mean value for the first section of the
knot chain, and increases for the farthest knots from the
source, and this is a feature common to all the frequency
ranges that were studied; in NGC 6251 the spectral index
is almost constant along the jet, with oscillations around
the mean value α ∼ 0.6 , and it shows a gradual steepen-
ing to 0.8 shortly before the jet widens up and mixes with
the diffuse lobe emission (Mack et al. 1998) and Perley et
al. (1984); similar values and trends are also observed in
Cen A (Burns et al. 1983), 3C 279 (De Pater & Perley
1983) and 3C 31 (Strom et al. 1983).
Fig. 5 and Table 3 show that the value reached by the
spectral index is not strictly correlated to the initial ra-
dial position of the Lagrangian particle in the jet: a small
number of close strong shocks can flatten the electrons dis-
tribution function in the same way as a higher number of
distributed shocks. The particles initially located nearer
to the jet axis, nevertheless, show a quasi-constant spec-
tral index for a longer time: compare for example particles
1,2,6,7,8 which cross a high number of shocks, to particles
4,5,9,10 whose spectrum is flat instead only for a limited
interval of time.
In Fig. 6 the values and evolution of the spectral index
α associated to particle 1 in the different frequency ranges
are compared. Energetic electrons undergo synchrotron
losses more rapidly, and the high energy section of the
spectrum steepen more quickly. This leads to a higher av-
erage value of the spectral index in the optical-UV region
respect to the radio value and a shorter temporal (and
thus spatial) extent of the region where the spectrum is
flatter; αo−UV starts to grow already before the onset of
the mixing phase.
Fig. 7a shows the behavior of the spectral index α for
the post-shock distribution function (stars) as well as for
the inter-knot regions (continuous line). In Fig. 7a the
temporal evolution has been translated into a spatial evo-
lution, and the values of the spectral index are plotted as
a function of the distance of the particle from the injec-
tion point. The trend in Fig. 7a reproduces qualitatively
the behavior of the optical and radio-optical spectral in-
dex observed by Meisenheimer at al. (1996) for M87, al-
though in our model the oscillations between the values
in knot and inter-knot regions have a bigger amplitude
at the beginning of the shock chain, while just before the
onset of the mixing phase the pattern is almost constant;
Fig. 6. Radio, radio to optical and optical to UV post-
shock spectral indexes calculated for particle 1. The dotted
lines show, as in Figure 5, the average values calculated
in the time interval 9.5 <∼ t <∼ 18.5, corresponding to the
shock-dominated stage of the evolution
in M87, which is the only object which can be observed
with enough resolution to provide these data, the knot to
inter-knot differences are always smaller than ∆α ∼ 0.2,
while in our case the average value is ∆α ∼ 0.23.
Fig. 7 only shows the section of the jet where shocks are
present. The first section, where the perturbation grows
according to the linear theory, corresponds to the gap be-
tween the source and the first bright knot observed in most
astrophysical jets. If we adopt for the jet radius an average
value estimated for a typical radio jet (see Table 2) we find
consistent values for the inter-shock distances between our
model and the inter-knot distances that are generally ob-
served, while the length of the emission gap in our model is
an order of magnitude larger than observed. However, we
recall that the simple cylindrical geometry adopted here
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forces us to select an average, constant value for the jet
radius (and for all the physical parameters in general),
while it is well known that in the inner regions the jet ra-
dius can be up to two orders of magnitude smaller (in the
case of M87, for example, the jet radius is below the HST
0.03′′ resolution (i.e. <∼2.5 pc) close to the source, Biretta
(1998), and increases with distance with an opening angle
5− 7◦ at VLA wavelengths). Bearing this in mind, a gap
of ∼ 50 jet radii from the source, where the first shock
forms, would correspond to a distance consistent with the
gaps that are currently observed in radio jets.
Fig. 7. Panel (a): variation in the spectral index values
with distance from the jet injection point, for the elec-
tron distribution function associated with particle 1. The
stars represent the post-shock values of the spectral in-
dex. Panel (b): Cutoff frequency in the electron distribu-
tion function as a function of the distance from the jet
injection point.
Finally, Fig. 7b shows the spatial trend of the cutoff
frequency νc = 4.3 × 106 B⊥Γ2 Hz as it results from the
evolution of the cutoff energy along the jet for particle 1.
The values of the peaks in Fig. 7b are model-dependent,
i.e. they depend on the maximum value that the electron
energy can attain in our model since we assume that at
shocks the electrons are re-accelerated up to the initial
maximum energy value Γmax = 100 Γ0 ∼ 2.55× 107. This
assumption only influences the peak values: other simu-
lations performed assuming different values for the max-
imum allowed energy gave an exactly similar trend, with
different peak heights (but same widths).
Our results imply that while the knots regions are
bright at least up to optical frequencies, in the inter-knot
regions only radio emission can take place. Therefore, as
long as the cutoff frequency is concerned, our simplified
model does not explain the features observed in the M87
jet, where Meisenheimer et al. (1996) find that the cut-
off frequency in the inter-knot regions lies in the optical
region of the spectrum. The authors report that the cut-
off frequency changes by no more than a factor 3 along
the jet. Even if we smooth our data at the resolution of
Meisenheimer et al. we still find variations in νc of two or-
ders of magnitude, and νc ≤ 1012 in the inter-knot regions,
rendering them optically invisible.
6. Conclusions
We presented a self-consistent study of particles shock ac-
celeration, in the test particle approximation, in an astro-
physical jet.
We found that the non linear growth of the Kelvin-
Helmholtz instability is able to produce a high number (∼
10) of strong shocks where the energy of a distribution of
relativistic electrons advected by the fluid can be increased
via the first order Fermi-like mechanism of diffusive shock
acceleration. The acceleration process is efficient enough
to compete with the losses via synchrotron radiation and
adiabatic expansion taking place in the whole body of the
jet; the flattening in the energy distribution function of
the electrons gives rise to a flat frequency spectrum of
the synchrotron radiation emitted which can be directly
compared with observations.
We discussed the acceleration process connected to the
subsequent phases of the instability evolution; involving 10
Lagrangian parcels of the same initial distribution func-
tion located at different initial positions allowed us to find
that the acceleration process is not dependent on the ini-
tial distance of the particles from the jet axis. Moreover we
found that the total number of relativistic electrons asso-
ciated to each Lagrangian particle is conserved during the
whole evolution, up to the final stages when shocks can-
not form any more and the electrons simply lose energy
becoming non-relativistic.
A further improvement of our model would be the
adoption of a numerical code written to solve the full mag-
netohydrodynamical equations: this would give the proper
evolution of the magnetic field, whose components in our
calculations are simply advected by the fluid. A situation
in which the force exerted by the magnetic field on the
fluid is taken into account could probably lead to a re-
duction of the shock strength, but it might also imply a
longer duration of the shock-dominated phase of the insta-
bility evolution. The problems arising in the development
of a reliable multidimensional MHD code have up to now
limited the numerical study of magnetized jets.
From our results we were able to evaluate the average
values for the spectral index of the emitted synchrotron ra-
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diation in different frequency ranges, obtaining values con-
sistent with those derived from observations of extragalac-
tic jets. We also gave estimates of the cutoff frequency ex-
pected in the knots and in the inter-knot regions of the
jet.
Although the main aim of this work was to give a phys-
ical description of how the diffusive acceleration mech-
anism can work in a Kelvin-Helmholtz unstable jet, we
could also derive the trends of the above described obser-
vational quantities with the position along the jet axis,
and this was achieved translating our results in time into
behavior with space. It is necessary to keep it into account
when we refer for example to Fig. 7: the plots in Fig. 7a
and 7b are not snapshots of the jet at a certain time,
but are obtained following a parcel of the jet material as
it moves downstream, thus evolving both in space and in
time. For a more realistic application to observational data
of the mechanism described in this paper, a ‘spatial’ analy-
sis of the evolution of a jet propagating in a medium with
decreasing density is required, in order to obtain snap-
shots of the whole (non-cylindrical) jet at selected times;
this implies the adoption of large grids (see for example
Micono et al., 1998) and consequently of a large number
of Lagrangian particles, to cover with a good statistic the
whole jet body; in this way we could also obtain indica-
tions on the variation of the density of the Lagrangian
particles in different jet zones, and thus on their relative
brightness. This study will be the subject of a future work.
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